Introduction.
In this note we consider the differential equation
(1) (r(x)y'Y + q{x)y = f(x, y)
with a "small" nonlinear term/(x, y). The exact conditions satisfied by r, a, and / will be given in § §2 and 3.
If r, q, and (rq)' are real-valued continuous functions on the positive x-axis, in a recent paper [l ] Walter Leighton proved that the following conditions rq>0 and (rg)'^O for xS:0 are sufficient for the boundedness of the solutions of the linear differential equation (ry')'+qy=0 on the positive x-axis. It is the purpose of this note to point out that, even if rq is not differentiate (in fact, even the continuity of rq is not required), under certain suitable conditions satisfied by r, q, and / as stated in Theorems 1 and 2, we still can test the boundedness of the solutions of (1) by a method which includes Leighton's method as a special case. In §2 we assume that r, q, and /are real-valued functions; in §3, complex-valued. (1) we mean a function y(x) which is absolutely continuous and r(x)y'(x) is equal to an absolutely continuous function z(x), say, almost everywhere such that, with z(x) replacing r(x)y'(x), (1) is satisfied almost everywhere on 0^x<<».
For the existence and uniqueness of solutions, see [2, sections 68.3 and 68.5].
Denoting max (w'(x), 0) by (w(x))+ and min (w'(x), 0) by (w(x))'_, the theorem we shall establish is In view of the convergence of the integral in (9), y is bounded on 0gx<oo.
To prove the boundedness of the solutions of (1), we consider the integral equation and Zi(x) and z2(x) are two linearly independent solutions of (3) with
almost everywhere and A and B are arbitrary constants. Clearly h(x, y) satisfies The boundedness of y(x) then follows from the convergence of 77(x) and (14). Substitution of (10) into (1) shows that y(x) satisfies (1) and so is a solution of (1) . From the uniqueness of the solutions of (1), it follows that for different constants A and B, y(x) represents all the solutions of (1). This proves that every solution of (1) is bounded on 0 ^ x < oo.
We may also observe that, in view of the boundedness of y(x), (10) can be written in the form
